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parameter and the ultrametric topology: a simple mean field
model
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France

Received 24 January 1985, in final form 1 August 1985

Abstract. We discuss and solve by standard methods a simple model with long-range
random interaction. In this model we can rigorously define and explicitly work out many
peculiar features already found in the Sherrington-Kirkpatrick model only by means of
replica symmetry breaking and/or via numerical simuiations.

1. Introduction

Recent results in the replica approach to the Sherrington-Kirkpatrick (sk) model
suggest the existence and physical relevance of model systems that have (Mezard et
al 1984)

(i) an infinite number of coexisting pure equilibrium states;

(ii) a hierarchical structure among these states typical of ultrametric spaces (see
point (¢) of § 2) and

(iii) an order parameter which is non-self-averaging, i.e. it shows a non-trivial
dependence from the actual realisation of the couplings. Meanwhile other quantities
(e.g. the free energy) always take the same value in spite of the randomness of the
interaction.

In this paper we discuss a simple random model, where, for almost every sample,
we can explicitly define and evaluate

(1) the free energy;

(ii) the set of pure states;

(iii) the overlapping between any two of these states and

(iv) the probability distribution of such an overlapping.

Meanwhile the free energy is independent from the sample and the probability
distribution (iv) is shown to be a non-self-averaging quantity.

This allows us to illustrate a possible way to deal rigorously with infinite sets of
pure states and to discuss the problems involved in the description of a non-self-
averaging effect.
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The system is made up with 2K blocks of M spins each. The Hamiltonian is the
sum of 2K self-interaction terms plus a suitable long-range potential. We study the
model in the limit where M and K both go to infinity.

The self-interaction is such that for M - o0 each isolated block has four independent
equilibrium states. Before the long-range terms are switched on, the equilibrium states
of the full system are 4°% and the global properties of this set of states are, in some
sense, trivial. In particular if we compare the local magnetisation in two of these states
the value of the overlapping g, i.e.

2KM

L (o))

1=5kMm =,

is typically zero.

The form of the interaction among the blocks has been chosen in such a way that
the new equilibrium states are contained in the set of the above mentioned 4°% states,
but belong to a suitable subset where the overlapping is non-trivial and the ultrametric
structure together with properties (iii) follow.

We also consider the action of an external magnetic field (see § 5): we show that,
when h is sufficiently small, the general picture stays the same.

In our model randomness is present at two different levels. There are local random
couplings a la Luttinger (1976) responsible for the existence of the above mentioned
four pure equilibrium states in each block and a second family of random couplings,
associated with the scale length of the blocks, and that gives rise to the fluctuations
of the order parameter. From the sketchy description given above the reader easily
realises that the model is strictly ‘ad hoc’. The mechanisms that we assume only aim
to reproduce a given set of results and possibly do not have much to do with those
present in physical systems or even in the sk model. In spite of this, we think it is of
some interest to present an example where it is possible to properly define and explicitly
derive quantities and relations suggested by replica symmetry breaking arguments.

2. Description of the model and main results

Consider the one-dimensional lattice Z. We suppose we are given three random fields:
(éa)aczs (Ma)acz and ({2:)icz, Where &, m, and {,; are independent identically dis-
tributed random variables taking the value +1 and —1 with equal probabilities. We
call u, the probability corresponding to (£,, m4)scz and u, the one associated to
(£2:)ic2. Our model will describe an Ising-like system: to each lattice site € Z is
associated a spin o, taking values +1 and the interaction will depend on the random
field (&) () and (£5).
Given an integer M, we call

1 G+yMm

mi:X'I—a:iMﬁ»lo-a
1 G+ym

S'=Ma=w+1 a0, (2.1)
1 G+ym

L =Hg=iM+1 NaOa


Administrator
range
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and define in a volume Q ={1, N] with N =2KM the following Hamiltonian
SZ t2 K 2K
H(og)=-J,M Z ( 2)+JIM y ¥
I=1J=2I+1

[(tzl—(t;z:z;‘;;i‘é,-z]t, ) Z ity (2.2)

with J,, J, and € positive.

Notice that the terms in the first sum on the right-hand side of (2.2) are very similar
to those considered by Luttinger (1976) in his non-frustrated mean field model of a
spin glass and our Hamiltonian can be regarded as describing a set of 2K such systems
coupled by a non-translationally invariant potential a la Kac (Thompson 1972} with
zero boundary conditions. We shall study the equilibrium statistical mechanics of this
system for a given sample of the {£,} {n.} and {{,;}. We are interested in the limit M
and K going to infinity at the same time, but in order to be more clear we shall take
the limit M - oo first.

We remark that in our model, whose ancestor is the Curie-Weiss model (see, for
instance, Thompson 1972) the microscopical variable appears in the Hamiltonian only
via some linear combination suitably normalised, i.e. S, t; (see (2.1)). Therefore only
these variables, taking values on the internal [—1, +1], are relevant and our equilibrium
states will be probability measures on ([—1, +1]x[—1, 1])2. We will show that pu,
almost everywhere.

(a) For any realisation of the {,;

F(B) =(1)ijgoﬁlog{§} exp(-BH|ayq)) 23
={0 if0<p<p.=1/Js (2.4)
Blom**/2—&(m*) if B> B.

where €(x)=3(1+x)log(l+x)+3(1—x)log(1—-x) is the leading term in |Q| of
log(%(lf,"])!m) and m* is the positive solution of the equation

=tanh gJ,m*

(b) For all B8 < B, the equilibrium state is unique and the associated probability
distribution has support on the configuration §,=0, ,=0, Vie Z.

For all 8 > B. the system exhibits an infinity of pure equilibrium states, each being
characterised by a suitable sequence of 0, =m* for the values of the S, and the ¢, (see
figure 1). To be more precise, in the finite K case, our Gibbs distribution converges
in the limit M - o to a convex combination of 2K 2?*¥ Dirac measures. We shall call
Nk the set of the allowed sequences (see (3.14)) where these measures are concentrated.

V=V =0 =77

Figure 1. Equilibrium states associated to the instanton (J, +m*) where t = m*, s =0 for
the blocks &, 1 =0, s = tm™* for the blocks [, t =+tm* s=+m* for the blocks [(=.
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Given an element A in Nx we call S3, 12, i=1,...,2K the values of the S; and ¢, in
the sequence A.

(c) To analyse the structure of this set of states, in the limit of large K, consider,
following Parisi (1983), two identical copies of our system. The function

gM,K(}’)z(U;aMCXP< ﬁ[H(Un)+H(0'n)]+2_M]Z Z Ta 0 )

x( L exp{-—ﬁ[H(aQHH(a;,]})_ (2.5)
{oq. 00

is the Laplace transform of the probability distribution of overlapping
((1/2MK) 22MX & o' ) between the spins of the two copies. Performing the limit
M - we obtain (see the appendix)

2K
lim gnk(y)= Y exp(\/— Y Lo tz,+tz,)+2K y sAsB+,A,B)

A.Be Nk i=1
X {A BZN exp<\/-—@_K— ":;1 L1+ tZBi))] . {2.6)

Given any two states A and B it is natural to introduce the overlapping

an_ L

7 T3k,

i

?S?»i— A8 (2.7)
and the distance
1
[d(A, B)] —2—2 (SH=SPP+ (1t =12

=2(m** - g"®).

In our model, the probability PJ(q) that a pair of states has an overlapping greater
than g can be explicitly evaluated in term of the weights appearing in equation (2.6):

K 2K
Pr@= 3 ew( B L it im)o(sk E ststeitna)

A,Be N
B & o
X [A'BENK exp<—\/= ; (18 +18) )} (2.8)
where
(x)=1 ifx=0
8(x)=0 if x<O.

In § 3 we show that in the limit K - 0 the set of the pure equilibrium states exhibits,
almost surely, the hierarchical structure of an ultrametric space (Bourbaki 1966), i.e.
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if we take any three states and we compute the three distances, at least two of which
are equal.

(d) Pf(q) is the quantity proposed by Parisi (1983) as order parameter for spin
glasses. Notice that, due to dependence on the sample {{>;} (see (2.8)), PX(g)is a
probability distribution-valued random variable.

3. Calculation of the free energy and determination of the pure equilibrium states

We will show that the free energy exists 1, almost everywhere and does not depend
on the actual values of the &,, n, and ¢,;.

Let us start with J, =0. In this case we have 2K independent blocks {2, ... Qk.
|Q:| =M and the partition function Zy is given by

2K
ZN = H Zx
i=1
S22
Z= T exppms( 545+ g0 a1
{oa}
where
1+(-1)" 1
§=—— —=¢(,.
1 2 Kgl

It is convenient to express the Hamiltonian
HO(UQ,)=—MJO(%SIZ+%I?)_61‘I1' (3.2)
in terms of the variables p, and A, given by

1 (33)
/\a i(na_ga)a-a-

From (3.1), (3.2) and (3.3) we have

1 2 2
Ho(an,>=—foﬁ[( Z,pa> +( ) Aa) ]—a,ﬁ L (pa—ha) 3.4)

s acQ] ac,
where

QF={ael[iM+1,(i+1)M]/ €& =n.}

Q7 ={ac[iM+1,(i+1)M])/& =-n.}.
Calling
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where M7 =|Q7|, M7 =|Q7|, we get

MY M M M
M My A My _
=M R T M (3.5)

and

M\, (ME
Ho(o'ﬂl)=—JOM[( M) r,2+(—A7) l?]_siri_aili-

The Hamiltonian Ho(oq ) describes two independent Curie-Weiss systems in Q7Q;
so that

Z= [JM(M)22+ &r, +1 ( M7 )]
i—;exP BJo M ri + Bé;r; +log %(1+r,»)MT

M7\ M;
X ;exp[BJOM (7) I +[~16,-1,-+10g(%(1 +I,~)M,-')j|' (3.6)

Since, by the strong law of large numbers, M /n >4 M[/n-}, almost surely when
M goes to infinity, the usual Laplace method leads to

lim —- log Z, = ma ((’2+12) &(r) %(1))
1 1 LA DU
Mow M B4 TR\ T2

S 1 [s+0\ 1 _[S—1
_.+.___ — —_— R .
“‘sﬁx(z 2 2%»( 2) 2%( 2 )) 3D

for €(x) cf equation (2.5).
It is an easy matter to check that for B=pB.=1/J,

]

r,~=1,-=0 (3.8)

(which is equivalent to S;=1t; =0) is the only maximum. Meanwhile for 8> B, the
absolute maxima are four and expressing them in terms of the old variables we get

Sl' = m* t= 0
S;=-m* =0
(3.9)
S,' = 0 t,' - m*
S,‘ =( ti = —m*
where £m* are the non-zero solution of the equation
m* =tanh BJ,m*. (3.10)

The free energy F,(B) of the ith block is given by

—BF(B)=3BJom** — €(m*). (3.11)
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In the case J,>0 a new interaction among the blocks is switched on and the free
energy F(B) becomes

~BF(B) =max F(s,t, B) (3.12)
where
1 2K
9'-(5 t, B)_—'A+‘2?Z (SZ+12)BJO__ %(Si+ti)_%g%(si_ti) (3-13)
i=1
with
K 2K . " a 1
A=Z Y [(a—ta)+ 831 s (3.14)
1=1 J=21+1 ‘21—]‘

If we remark that A=0 it is easy to convince ourselves that, for any given K, all the
minima of the total free energy in the limit M - o are given by the solutions of the
equation A =0 that satisfy the constraints given by equation (3.8) for B <. or by
equation (3.9) for 8> B.. It turns out that for 8 = 8., the absolute minima have the
following form for J=1,2,..., K:

S, =0 tyy=m* .
fi=<i</J
S;a=xtm*or0 tis=tm*or0
S;=xtm, =0 f2J+1=sis2K
or the analogous ones with t,,=-—m* if 1<i=<J (see figure 1).

Meanwhile, given a choice of J, the values of S; and ¢, are fixed for all blocks
2i,1<i=<j. Their values can be chosen in 4’ ways for the odd blocks 2i~1 (i<J)
and in 2°%7* ways for the remaining blocks.

Therefore V3 > B, the number of equilibrium states is 2K 2?% but the associated
free energy is always

—-BF(B) =3BJom** — €(m*). (3.15)

If we consider the Hessian of %(s, ¢, 8) evaluated at a point satisfying (3.14) we
immediately see that the contribution coming from the A terms are identically zero,
so that the behaviour around the minima is quadratic as in the case of the uncoupled
systems, so that for any finite K in the limit M going to infinity the equilibrium
measures are of the form

1 (-8 8(5,-580) (3.16)

where S;(J) and 1,(J) have to be chosen following a pattern consistent with (3.14),

All the previous equilibrium states can be collected in classes, that we will call
instantons, with the following rule: we give an integer J€[1, K] (the length of the
instanton) and the sign of the ¢, on the even blocks belonging to [1, 2J] and consider
all the equilibrium states with these properties. Then an instanton is characterised by
an integer J and a variable with values in {—m*, + m*} (see figure 1).
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4. The overlapping between two equilibrium states: the Parisi order parameter

For any given pair of pure states A and B, calling J, and Jg the length of the associated
instantons, from the result of the previous section {2.6) and (2.7), we obtain

2

qAB=*L ) SASB+ the?
K ! 7 ! 1

En8 max (J,,fg) 1 min(J,,Jg)

ACB - - A B
= min{J,, Jg)+—— So .S t3i_1t3i
2K (Ja Jw) 2K ;1 HAEAE T K ,-; S

1 2K
e SAS8. (4.1)

2K i=2max(Ja,/g)

From equation (2.6) we get also that the three sums on the right-hand side of
equation {4.1) are sums of independent random variables with mean zero. By the law
of large number we get for J, = ak and Jy= bk

A%

2

lim q*® = min(a, b) (4.2)

Furthermore if we remark that all the states associated with the instanton J have the
same weight:

1 J
filh)= exp( Sﬁm*jﬁ ,-; §zi>

1

(B oelom e gl pel] .

Given g, the probability of having an overlap bigger than g is

K 2 K 2
P?<q>=( ) fZ(J)) +( ) f;(J,)) (4.4)
J=[2gK}+1 J=[2gK}+1
for
0<q<%
< K K
Pz(q)=1~2( > f?(f))( 2 fZ(J)) (4.5)
J=[2]glK ]+1 J={2{q|K]+1
for
~-3<g<0

and zero otherwise.

Looking at formula (4.3), it is easy to convince oneself that Pf(q) is a non-self-
averaging quantity for any fixed K.

The question that naturally arises is if such a feature is preserved in the K - o limit.
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Given J,=[aK] and J;=[BK], it is easy to check that
lak] 1 (BK]

[Ep.2<‘/— Z Lig 2 Z g“z.)——nnf(a B)

i.e. the covariance of the Brownian motion. This suggests that, in some way,

1

filJ)= j’ exp(eBm*W(y)) dy

2lq|

K

J=[2iqIK]+1
-1

X (J 2 cosh(Bm* W(y)) dy) =fw (lql, Bm™) (4.6)

where W is a Brownian motion.

To make this statement precise, it is necessary to define the way the limit is taken
and prove the uniform convergence with respect to g. To be consistent with our
previous results that were all almost sure with respect to w, and u,, we will require
w, almost sure convergence. The proof, based on Skorohod’s embedding scheme
(Breiman 1968), is non-trivial but, since it is rather technical, we will skip it.

The result is the following: for any K we can define, on a new probability space,
a family of random variables ({z,), . which have the same distribution as (£,,)5,
together with a Brownian notion W in such a way that if K = K([I) is a subsequence
increasing rapidly enough, (4.6) is true wu, almost surely, uniformly with respect to q.
Therefore P'%'(J) converges almost surely to the probability distribution-valued ran-
dom variable

P.(q)=[fi(g Bm*)P+[f(q, Bm*)]’ if0<g<j
P.(qy=1-2[1(ql, Bm™)1[f=(lql, Bm™)] if —1<g<0
and zero otherwise. This is a rigorous way to describe a non-self-averaging effect and

we think it is of some interest to be able to illustrate, in a simple model, problems and
strategies that should be relevant for any random system.

5. Comments and remarks

Remark 1. 1t is natural to ask how much of the previous results are still valid if we
introduce an external, possibly small, magnetic field h. Meanwhile the interaction
among blocks stays the same and the self-interaction inside each block becomes

S; i
2 2
Following the procedure of § 3, each block splits into two ferromagnetic sub-blocks
with a random external field and the equation for the extrema of the free energy
associated with each sub-block are of the form
a,+ a,=i{tanh[28(a, + a,)+ Bh]+tanh[28(a,+ a,) — Bh1}
a,=%tanh[28(a, + a,) + Bh]
where a, =3(r+m), a,=3r—m).
These equations have already been derived and discussed in similar (Luttinger

1976) or slightly different contexts (Gorter and Peski-Tinbergen 1956, Kincaid and
Cohen 1975) and a detailed study, both graphical and numerical, is performed in

MJO< )—Sit[—Mhm,.
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Gorter and Peski-Tinbergen (1956) and results therein are summarised by Kincaid and
Cohen (1975).

From this analysis it emerges that while for 8 < 8. and arbitrary h the only sotution
is a, = a,=0, for B8 > B, the phase diagram in the (B, h) plane becomes quite compli-
cated with two and even three coexisting phases in each sub-block. However the limit
h-0 is still simple and it is easy to show that VB> B. and suitably small h, the
equilibrium states are very similar to those of the h =0 case.

Remark 2. This class of mean field random models involving only global variables
suitably normalised (e.g. S=3 ¢,0./M) can be studied following a very general
procedure based on large deviation theory (van Hemmen 1982). We think it is worth
pointing out that the procedure we use in § 3 is less general but has two advantages.

(i) It is more transparent from a physical point of view (for every sample of the
&, and 7, the blocks split into two smaller blocks with ferromagnetic interactions only).

(ii) It allows us, via the Stirling formula, to get explicitly the non-leading term in
M. Those terms, not relevant for the evaluation of the free energy and the determination
of the extrema, are necessary to perform the estimate made in the appendix.

Remark 3. Each equilibrium state of our system is associated with an ‘instanton’ and
all instantons start at i =0 (cf equation (3.14)). To avoid this unpleasant feature, that
singles out a particular site, our system can be thought of as a circle and the origin of
the instantons as another random variable.

Also the feature that only even blocks have to be ‘aligned’ can be avoided. If we
consider two sequences {C,},cn and {D,},en of sets of blocks:

Cal=[Du|=n
(Per)o(yn)-2
C.cC, D,< D, VYn<n'

it is easy to construct an interaction similar to that in (2.2) where the role played by

odd and even blocks with index less than 2n is now played by the blocks belonging
to C, and D,.

These are all ‘cosmetic’ improvements and they cannot hide the real drawback of
this model. The randomness associated with the £, and 7, is too weak to play the
role of the J; of the sk model and we have to introduce an interaction on a different
scale length to induce the hierarchical structure of the states. But as we have pointed
out in the introduction our aim is not that of proposing a new candidate for the
Hamiltonian of spin glass systems but simply to exhibit a statistical mechanical model
where it is possible to test, by standard methods, ideas and procedures still ill defined
in more complex models.
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Appendix

In order to compute
im gux(y)= lim 3 exp{~B[H(on)+H(on)]}

MK=0 (5,00
2KM -t
tmar L 00 ({UETMexp{—B[H(aa)+H(crh)]}) (A1)
we define
Wi-t T ool W= Y a0 (A2)
i aeQ? M7 .cat
Sr={1,+1}M Sr={-1,+1}": (A3)
and recall from § 3 that
Si=(Mr/M)ri+(Mr‘_/M)Ii (A4)
ti=(Mi+/M)ri—(Mi—/M)li (AS)

so that gy x can be written

_ Y fL "r‘ y M + M,- -1
;exp{ B[H(r,l)+H(r,l)]}il:[l<2r exp2K< Wi+ MW)

[N

(g ewt-ptrens me o i (£ 51)] (46)

0,0
L

rr'
||

where T " runs over all configurations {o, o'} such that

0'0

1

M7 agn OalE(atnary2) =Hi

1
—A—’E aszm O'a(f(a—na)/z) =

. , (A7)
M,+ aéznt a.a(g(a+na)/2) =r;

1 ! ’
- Z‘ oa(g(a—na)/z) = Il"

i aeQ}]

We consider the following random variable

Sl ri 1,10
=[(§":I{exp(2KM(M+W++M w; ))](z,’f’ﬁ)_ (A8)
” o M " o M
[,Z:ez e"p(zx M )][Z‘z (“sz M W)]
x(a’a'zez+ 1) (GG'ZEE' 1) ) (Ag)

Let us define if 0< 8 <}
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M -1 M 1/2+8 M (M)I/Z-HS]
=. - —= sMis—+|—
- |:6a977a9a€9<2) <2> Ml 2 2

and
2K
=M, K)=U =,
=1
We want to study
M+ -1
N =[ "ioex (——W)K 1) A10)
f\r 4 ) a,gez p 2K M a-,gezf (
for M - cc.
Lemma
1 .
flrr, 27 )-exp(R—rr>+o(M). (A11)
Proof. Using
, o e 24
h(r, r "oex ( . +a>
( ) a;e}. P aezn‘, M;
. ‘ gL, y ,
- Z+5 Z+ = — 1, 5( Z+M+—r,- expl == Zr*aaaa (A12)
ogo'el’] ael)) i ae), i i aef),
and
To I . Oy
6<aezm MT—ri>=K;xexp[1K<&§lT MT—rl>.-|J'
We obtain

hr, r)= Z Z exp[—i(KrﬁK’r,-)]Z I1

K=-o K'=— oo asd

 To  0a0,
x| exp 1KM++1K M -y M) (A13)
Using the multinomial theorem and resumming over the indices K and K’ we get

Tyt
h(r[, rf)=z*—&exp( Y

<
m M natngtng! M;

+n2—n3—n4]> (A14)
where * runs over all families (n,, n,, n,, n,) of positive integers with the constraints
n+n,+n,+ng=M7
n=ny+n,—n,=M/r (A15)
ny—Ny—ny—ny=Mir,

If we set n, = ;M7 it is not difficult to check by the Stirling formula that, under the
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previous constraints, (M }!/n,!'n,!ny!n,! is a maximum if

b+ -]
Y (A16)
Cl}':‘]"'*'};r, 4r1r;_%r:
ag=i=ir,—inri+ir
and that this maximum is equal to
exp(—M(~logd+ &(r)+&(r))
xexp(—3ilog M ~3log(1—ri)~3log(1~r)+o(M)) (A17)
from which we get the result.
If we consider
2K
g}\LK:[Zvexp(_B[H(rs l)+H(r’9 l’)] I:[ ( Z )
?: = aa'c L
x( X l)ﬂri, rENfUL L z>]
2 ; -1
x[z exp(=B[H(r, )+ H(r', 1] H( Yo )( Z“_l):l
T’r (=1 \aael] ao’el]
(A18)

the term exp(—275 (M logd4—3log M7+ M log4-3log M;) which appears in
II;%, (2 1)(2 1) in the numerator factorises and is cancelled by the same term in the
denominator.

On the other hand the sum X,,, can be replaced by an integral over [—1, +1]°%
and the main contribution of this integral comes from the neighbourhood, say balls
of radius p, of the minimum defined by equation (3.14).

If p’M goes to zero when M goes to infinity, it can be checked, by using
ui(limy, Z(M, K)) =1 and the usual Laplace method that the contribution of a neigh-
bourhood of (s*, ¢*,5'%, #'®) is u, almost everywhere

K

exp (—M(F(s*, t* s'® t'®)) )exp( 2 (4B ) exp(zK Y stsiB+al t’B>

=1

2K
Xexp<—% Z 1—(s?+tf*)z)(1~(s§‘3+t§")2))
x [det H(s™, t*, 5’8 t'B)]7V2 MK (A19)

where H(s*, t*, s'*, t'*) is the Hessian of the function F. It can also be checked that
the total contribution which comes from the integral outside these neighbourhoods
does not exceed 2%/ np. Therefore if M, goes to infinity this contribution goes to zero.
It is not difficult to see that det H(s" t* s® t'®) and X ,log[l—(s -1+
(s®+1®)?] has the same value over all the minima defined by equation (3.14) so that
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it will factor out; therefore when M goes to infinity we get

. B & A B) y X A A B]
= * = (tyt ity |t T P H
lim gu(y) [ Y eXP(m L L+ )50 b s

A,Be Nk
K -1
x LBZeNM exp (7% ,-; Lalthi+ t?i))] ‘ (A20)
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